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VECTORS & SCALARS

*Scalars are an abstraction of physical concepts
like mass , which have only magnitude.

*\ectors are an abstraction of physical concepts
like displacement and force, which have
magnitude and direction
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POSITION VECTORS

* A vector which Is the displacement from the
origin of coordinates to a point (X,y,z) can be
written as

F=1047j+k
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KEY POINTS
* The displacement vector from r, point to r, point

IS ry-1,)
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KEY POINTS

Aditya Engineering College (A)

oIf d@=XI+YylI+zK then its magnitude is given by

a=x’

y

2

A

2

*If d=aji+a,j+ak and h=hj+b,j+bk are two

vectors then
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KEY POINTS

Aditya Engineering College (A)

* The dot product Is defined and denoted by

a.b=ab +a,b, +a,b,

* The cross product Is defined and denoted by

PDVC
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SCALAR POINT FUNCTION

*If to each point of a region In space there
corresponds a definite scalar Is called scalar
point function

Eg: The temperature at any instant
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VECTOR POINT FUNCTION

*If to each point of a region In space there
corresponds a definite vector iIs called vector
point function

Eg: The velocity of a moving fluid at any Instant

PDVC Dr.B.Krishnaveni 9/9/2021
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VECTOR DIFFERENTIALOPERATOR

* The vector differential operatorv (read as del)
IS defined as

V=i£+jg+kg
oXx oy oI
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GRADIENT OF SCALAR POINT
FUNCTION

* The gradient of a scalar point function iIs denoted
by grad f or vf and is defined by

Vf:iﬂ+jﬂ+kﬂ
oXx ~oy oz
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PROPERTIES OF GRADIENT

*|If f and g are two scalar point functions then,
grad(f+g)=grad f + grad g

*|If f IS any constant scalar point function then
Grad =0

*|If f and g are two scalar point functions then,
grad(fg) =fgradg +ggrad f
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NORMALAND UNIT NORMAL

o |f f Is any scalar point functions then, the normal
to the surface f Is given by

grad f orvf
* The unit normal Is given by

VT
VT |
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1. Find the normal to the surface f = Xy + yz at
the point (1,1,1)
Sol: Given f = xy + yz

Normal to the surface f is given by

\Y4 i :iaf | jaf :kﬂzyi+(x+z)j+yk

NOoW. OX oy | Oz |
(Vf)aiy =1+2]+K
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2.Find the unit normal to the surface f at
the point (1,1,1) given, f = Xy + yz

Sol: Given f — Xy + Yz
Normal to the surface f is given by
(Vi)aiy =1+2]+K

Unit normal =

A 1 +— 2 ] + K 1 +

_ _ 2 ]
N F | V1L + 4+ 1 6
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1.The Angle between the vectors A and B is

AB
CosO =
|A||B|

l.e..

-» —

|Al|B|

6 = cos™
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DOT PRODUCT:

+If a=aji+a,j+ak and b=hi+h,j+bk are two vectorsthen the
dot product is defined and denoted by

a.b =ab, +a,b, +a,b,
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» The dot product produces a scalar quantity.
» It has no directions.

» .= 1

b l_>]_> 0)

> ] - ] 1

» 7.k = O

y K.k = 1

» k. = O

» The dot product is commmutative v.w=w.Vv
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> The Angle between the vectors A and B where

—= 57— 37+ 2k and B = —27 — 47 + 3k
Cos® = =Z
lAl| B |

- (5i—37+2k ).(—2i—4j+3K)

V524+(—3)2+22.,/(—2)2+(—4)2+32

o —10+124+6 o 8
V38.A/29 V38.A/29
4 38
6 — cos

VvV38.v29
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J\\Dlhr'_gw\\f
5The angle between the vectors A and B where A = 7 + 27 — k and

B=—-47+7-2k
A.B

Sol: Cosf =

|Al|B]
B (+2]-k).(—47+]-2k)
124224 (m )24/ ()2 + (D)2 +(-2)2
—4+2+2

cosf =0

8 =cos 10
9 =90
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Angle betweentwo surfaces

» Let f and g are two scalar point functions of
the surfaces. If n7 and 5 are the normal
vectors of that surfaces then the angle
between these surfaces is

ny .NMo

cosf = —————
|1 | |72
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Problem:1

Find the angle between the normal to the surface
xy = z<4 at the points (4,1,2) and (3, 3, —-3).
Sol:

Given that f = xy — z4

grad f=1 2L +;7% 4

dx ay dz
_ 0(xy—z2 _ 0(xy—z2 — I(xy—2z?2
_ 3 (xy )I] (xy )+k (xy )
dx ay dz
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» Normal vectors are
ny = (grad fact (4,1,2) = T+4j)5 — 4k
n, = (grad fat (3,3, —3) = 31+ 37+ 6K
Let & be the angle between the two normal
vectors

717 - 71>
cos@ = ———
1724 | |72 ] _
o (T+4j] — 4K).(3T+ 3 J + 6Kk)
COS — — —
lt+4 5 — 4K| |37+ 3 j+ 6K
cos O — 3*+12—24 —9
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Problem:2
Find the angle between the normal to the surfaces x* +

v4+z%=9and z = x*+ y* — 3 at the point

(2,-1,2).

Sol: Given that
f=x*+y?+27*—9andg=x?+y? -7 -3

Normal vectors are

— —oradfe L 7 R
ny =gradf=1 o T 6y+k

0z
— _0(x*+y*+z%-9)  _ 0(x*+y*+z*-9)  O(x*+y*+z*-9
n1=£( y )_I_]( y ) L Je 9Tty )
ax ay 0z

=2xXT+2yJ+2zk

nyat(2,-1,2)isn;=41—2j+4k
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_ O(x®4+vVvZ—=—3 — A (x*H+VvZE—=—3
7 C o % ) 4+ T C o % )
o x oy oz

— Z2x T + 2vyv j — Kk
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(41—2j+ 4k).(41—-2]— k)

cos O = — —
[4T—27+ 4k||4T—-2]— K]
ocg = 64—t 16 8
€05 36 V21 6421 3421
= cos™1(—

3vV21
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_//\\J_—)ﬁ%_y\ Problem:3

FI{\d the angle hetweg n th normal to the surfaces x* + y? +
29 and x +y +4’r 6y — 8z —47 = 0 at the
pomt (4 -3,2).

Sol: Given that
f=x*+y*+2z°-29
Normal vectors are

__ _d _0
n1=gradf-1—f+] Jf+k f
. _ 0(x%*+y*+4z —29) _ d(x? +y 2472-29) — 9(x*+y?+z?%-29)
n, =1 . + ] o +k =

=2xT+2yj+2zk

nyat(4,3,2)isn;=81—6]+4k
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g= x*+y*+z°+4x -6y —8z—47 =0

s = 99 . 99 1. 99
nz—gradg—tM—U6 ka

_ _0(x*+4x) _0(y*-6y) T 0(z°>-82)
My=1——- + J 7 + k -

=2x+ 4T+ Ry —-6)J+ (2z—-98)k

M, at(4,-3,2)isn, =121 — 12— 4k
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(81—6j+ 4k).(121—12j — 4k)

cosf = — —
8T—6j+ 4k||12T—12 ] — 4k|
e g = 26+72-16 23
COS& = V116 V304 /551
f = cos™1(—==

v551
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Practice Problem:

Find the angle between the normal to the surfaces
3x% —y? 42z = 1and xy*z = z* + 3x at the point

(1,-2,1).

Reference: Higher Engineering Mathematics, B.S.
GREWAL, page no: 315 to 326.
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* The directional derivative of a scalar point function
® (x,y,z) at a point P(x, y, z) in the direction of a unit
vector € is equal to

e.gradd=¢€.VQ

Note:
Let given surface is @ (x,y, z)
The given direction vector a

then the directional derivative is € . grad @

a

where ¢ = —
|a|



1) Find the directional derivative of

f = x? + y? + z*% in the direction of vector T + 2] + k
at the point (1,0,1)

Sol:

Given surface is f=x%+y%+z°

_ 0 d |,

_ a(x +y2+z%)  _ 0(x*+y?+z?) =+ 9(x%+y?*+z?)
v f dx tJ ay tk 0z

= 2XL +2y J+2z k
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unit normal vectoris € = I%I
_It2 jtk
V12422412
T2tk
- V6
Directional derivative of f along the given direction

is eVf

T2tk _ T
—2 *Z/F : 2XU+2y J+2z2 k
_ 2x+4y+2z7

= NG at (1, 0, 1)

_2(1)+4(0)+2(1) 4
- V6 V6
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2) Find the directional derivative of

f = xy + yz + xz in the direction of vector T + 2] + 2k at
the point (1,2,0)

Sol:
Givensurfaceis = xy + yz + xz

Vf (la+]—+k—)®

_ 0(xy+yz+xz)  _ 0(xy+yz+xz) - 0(xy+yz+xz)
Vf-=1 ™ +J 3y +k e
= (y+2)T+(x + 2) J+(y + X) k
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2SS, o N S
Given direction vectorisa =1+ 2] + 2k

unit normal vectoris € = I%I
_T42 j+ 2k
- V12422422
142 j+ 2k
- 3
Directional derivative of f along the given direction
is eVf
_TH2 jt2k
- 3
_ (y+2)+2(x+z)+2(y+x)
3

(y+z)U+(x + 2)J+(y +x ) k

at (1, 2, 0)

_ (2+0)+2(1+0)+2(2+1) _ 10
3 3




3) Find the directional derivative of f = 2xy + z*

in the direction of vector T + 2] + 3k at the point (1,-
1,3)

Sol:
Given surface is f = 2xy + z°

_9d  _d T 0,
Vf—(ta+]£+k£)t

_ _0Q2xy+z*) | _ 0(@2xy+z°?) - 0(2xy+z?)
Vf =1 P +J 7y + k P

=2yl +2x J+2z k
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Given direction vectoris @ =T + 2] + 3k ADITTY A

|s:| I

unit normal vectoris ¢ = 2
_T+2 j+3k
V12422432
_T+2 j+3k
S Y14
Directional derivative of f along the given direction
is eVf
_T+2 j+3k _ T
= : N 2yl + 2xj+2z k
_ 2y+4x+6z )
R at (1, -1, 3)

~2(-1)+4(1)+6(3) _ 20
- V14 V12
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4) Find the directional derivative of

f = x*yz + 4xz* in the direction of vector 2T — J —
2k at the point (1,-2,-1)

Sol:
Given surface is f = x°yz + 4xz*

_ 0 _ 0 3 0 .
Vf_(La+]ﬂ_y+k£)t

_of  _of + of
=1 — —— + k =
6x+]6y 0z
_9(x%yz+4xz? _0(x%yz+4xz?) = O(x’yz+4axz?
-1 (x°y )_l_] (x“y )+k (x“y )
dx ay 0z

= (2xyz+d Z2)T +H(x22)J+(x%y + 8x7) k




Given direction vectoris @ = 2T — J — 2k

| =

unit normal vector is € =
_ 29 lj—ZE
22+ (-1)2+(-2)?
21 -] —2k
B 3

v I})Cirectional derivative of f along the given direction is
e.

| Q1

2%—);—2;{ (2xyz+4 2T +(x%2)J+(x*y + 8x2) k

_2(2xyz+42z2)—(x?z)-2(x2y+8xz)
- 3

at (1, -2,-1)

2(4+4)-(-1)-2(-2-8) 37

3 3
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FA'QEQE—*#&%'[ICG Problem:

Find the directional derivative of

f = x*yz3 in the direction of vector 2T — J — 2k at
the point (2,1,-1)

Reference: Higher Engineering Mathematics, B.S.
GREWAL , page no: 315 to 328.

9/9/2021 Dr.B.Krishnaveni
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NORMALAND UNIT NORMAL

o |f f Is any scalar point functions then, the normal
to the surface f Is given by

grad f orvf
* The unit normal Is given by

VT
VT
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PROBLEM:
Find the directional derivative of¢=xyz in the direction of the normal
to the surface X°z+Yy°x+yz° =3 atthe point (1,1,1)

Solution: Given ¢ = Xyz

~0¢@ 0@ —~O¢
radg =i ——+ j——+k —=*
. ? OX J@y oz

— yzi + zxj + xyk

(grad@) ..y = i +J+k



Now let f =x°z+y°x+yz° -3 be the surface
Normal to the surface fis given by

=(2xz+ YT + (2yx+23)j + (X% +2yz)k
(gradf),,, =0 =31 +3] +3k

Now the unit normal of f is given by

s_ N _ 3 +3j+3k 3i +3j+3k
V32 4+ 3% 4+ 32 V27

El



* Directional derivative of ¢along the normal is given by

(31 +3j +3k) .
27

~ 3+3+3
N 27

e.gradg¢ = G+ j+k)

9
V27
=+/3



PROBLEM:
Find the directional derivative ofg=X’yz+4x2° at the point (1,-2,-1)in

the direction of the normal to the surface xlogz-y* atthe point
(_1)2/1)

Solution: Given ¢=x’yz +4xz°

radg =1 —+ | —+ k —
9 ? OX J@y oz

= (2xyz + 4Z23)i + x%z] + (x?y +8xz)k

(gradg), , 5, =8 — j —10k



Now let f =xlogz-y* be the surface
Normal to the surface fis given by

gradf = o Iﬂ LRk
X oy oz
—logzi +—-2Vyj + 2K
Z
(gradf) _,,,,=A=—-4]j— K
Now the unit normal of f is given by
_ — 47—k  —4j7—-Kk

1k

N T



J\\@ﬁ%gﬂ

Directional derivative of ¢@along the normal is given by

—4j —k)
V17
~4+10

V17

14
V17

e.grad¢ = ( (81 — j —10k)




PROBLEM: :
Find the directional derivative of #=XYZ"+XZ at the point  (1,1,1)in

the direction of the normal to the surface 3xy*+y=z atthe point
(0,1,1)

Solution: Given ¢ = xyz? + xz

radg =1 —+ | —+ k —
9 ? OX J@y oz

= (yz?2 + 2)i +xz22] + (2xyz + x)k

(grade) ..y = 2i + j +3k



Now let f =3xy°+y -z be the surface
Normal to the surface fis given by

= 3y?%i +(6xy +1)] + (—1)k

(gradf )(0,1’1) — ﬁ — 3T -+ T — E

Now the unit normal of f is given by

s_ 1 _ 3 +j—k 3B+ j—k

l \/(3)2 + ()? + (—1)° Vi1







PROBLEM:
Find the directional derivative of ¢=XyZz in the direction of the
normal to the surface x* + y*+2° =1 at the point (0,1,1)

Solution: Given ¢ = Xyz

~0¢ =0¢ —~OP
radg =1 —+ | —+ k —
d ? OX J@y oz

= yzi + xzj + xyk

(grad ¢)(o,1,1) =i



Now let f =x°+Yy°+7°—-1 be the surface

Normal to the surface fis given by

=2Xi +2Vyj +2zk

(gradf ),y =A=2] + 2k

Now the unit normal of f is given by

—

s_ N _ 2j+2k 2] +2kK

j+2
Al J(2)2 + (2)? /8






Practice Problem:

* Find the directional derivative of ¢=X’+Yyz° at the point (0,1,1) in the
direction of the normal to the surface x+y+z=2 atthe point (2,1,1).
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1) Find the directional derivative of the function xy? + yz? +

zx* along the tangent to the curve x = t,y = t%,z = t> at the
point (1,1,1)

Sol: Let f = xy? + yz* + zx?
Directional Derivative=grad f.e

gradf—Af—L of 4 791 | ? of

Bxljay 0z
(xy + yz? +zx2)+]ay(xy +yz% + zx*?)
+k—(xy +yz + zx*)



=7 [y? + 2xz]+ J[2xy + z2]+ k[2yz + x?]
(grad ), 14 =3 1 +37+3 k

Let 7 be the position vector of any point on the curve
x =ty =t*z=t>then
T =xi+y]+zk
=ti+t2]+t3k

% IS the vector along with the tangent to the curve



J\@ﬁ%ﬂﬁk_
dr

dt
Unit vector along with the tangent

_ i+2j+3k _i+2j+3k

=T+ 2t]+3t2k=1{+2/+3k at (1,1,1)

e = —
V12422432 V14

Directional Derivative along with the tangent
=grad f.e
AT Ao AT I42]43K
=3 i+37+3 k. N

_ 34649 18

T Jia T Vid




T

% ¢
3 ®

’J\\_@ﬁ%@/&f
| ENLIGHTENS THE NESCIENCE _§

2) Find the directional derivative of the function f=x* — y* + 2z% at
the point P=(1,2,3) in the direction of the line PQ where

Q=(5,0,4).
Sol:
Given f=x? — y? + 222

— A7 7L RO
gradf—Af—zaxﬂaerkaZ

L, 0 _ 0 > 9
=T —~(x* —y* + 2z%) +}5(x2—y2—|—222)+kg(xz—y2+222)

=7[2x] + J [-2y] + k [42]



=(41 —2J +k)
(41 -2 7 +k) _(4r-27+0)

then & = J@2+(=2)Z+(1)? V21

The directional Derivative of f at P(1,2,3) in the direction of PQ
IS




=grad f.e

~ S _ > (41 -2 7 +k)
=(2x1-2yj+4zk). N
_8x+4y+4z
=77 at (1,2,3)

28

9



J@lnrgJA“

3) Flnd the directional derivative of @ = 5x“y — 5y“z +
2.5z%x at the point P(1,1,1) in the direction of the line

x —1 y—3
2 2 -
Sol)
Given @ =5x*y —5y“z+ 2.5z%x
_00 = 00
VQ_ aany ka_z
:?—(Sxy Sy%z + 2.5z%x) ke (Sxy Sy%z +

gx
2.52° x)+k (Sx y — 5y%z + 2.52%x)



g

J\@lnrgm
| ENLIGHTENS THE NESCIENCE

=1[10xy + 2.5z%] + j [5x% — 10yz] + k[-5y* + 5zx]
(VQ)(l,l,l): 125 L_ - 5]
Let (2,-2,1) be a point on the line then

a =(21 — 2] + k)
5= (21-2j+k) (2?—2]‘+E)
S22+ (-2)2+12 3

Directional Derivative=grad® . e
~(125T —57) , Z=2+0)

3
_25+10 _35
3 3




z‘?ﬁ %@,

_ABIATY A

4) Find the Directional Derivative of @ = x* + y* + z* at the
point A(1,-2,1) in the direction AB where B=(2,6,-1)

Sol)
Given @ = x* + y* + z*
_ 00 , 08 , 7 09
gT'Cld@—lax |]ay | k Py

=1[4x°] + JT4y®] + k[42°]
(grad @) ,—21)=4 [ —32]+ 4k



iz
?D o

,9’? (N

CADIAFYA

The position vectors of A and B with respect to the origin

are
OA=T-27+k
OB=2T+6]—k
AB=0B-0A
2T+ 6] — k)-(T — 2] + k)
=7+ 8] — 2k
+87—-2k _ 482k

e=

J@+@2+(-2)2 V69



Directional Derivation of @ in the direction of AB at (1,-2,1) is

grad Q.e
_ > o= T 1+8]—-2k
= (41 —32]+4k) . N
_ 4-256-8
- V69
~260



3
g

?/\Dﬁ%%ﬂj\\;
Practice Problem:

Find the Directional Derivative of

B(X,y,z2)= 4xy? + 2x?yz at the point A(1,2,3) in
the direction of the line AB where B=(5,0,4).




Aditya Engineering College(A)

Divergence of a vector

* Let f = fiT+ f,] + f3k be a vector point function then the divergence
of a vector is denoted by div f and is defined as

divf=V.f

_ 0 _d d . . =
=(lg‘|‘} @"‘k E)-(fﬂ"‘fz] + f3k)

_0f1 ,0fz 0Of3
dx 0y 0z

Note : Divergence of a vector point function is a scalar point function

|
+
+
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Properties:

cdiv(f £ g)=divf £divg
cdivkf=kdivf

* If div f = 0 then the vector point function is said to be solenoidal
vector

9/9/2021 Dr.B.Krishnaveni



Aditya Engineering College(A)

1) Find div f at(1, -1, 1) where f = xy*T+ 2x%yzj — 3yz%k
Sol: Given vector point function is

f =xy“T+ 2x°%yzj — 3yz°k

=y24+ 2x%Z -6yz

(div f)at(1,-1,1)=1+2+6=9

9/9/2021 Dr.B.Krishnaveni
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=== 2) Find div f at (1, 2, - 3) where f = xyT + 2yzj — 3yz*k
Sol: Given vector point function is

N

f =xyTt+ 2yzj — 3yz°k
+7 —+k %).xyf+ 2yz] — 3yz°k

0(xy)  0(2yz) | 0(-3yz?)
0x dy 0z

=y + 27 - byz

(div f)at(1,2,-3) =2+ 2(-3) -6(2)(-3) =2- 6 +36 = 32

9/9/2021 Dr.B.Krishnaveni
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<al¥l 3) Prove that the vector point function f is solenoidal vector at (1, 0, -1),
where f = (x2 —v2)T+ (y2 —zx) T+ (2?2 — xy) k
Sol: Given vector point function is
f=@*=yn)T+ (y?—zx) J+(2° —xy) k

divf=V.f
_(79 -0 1O 2 T 2 _ - (2 "
-(Lax-l—jay+kaz).(x VZ)U+ (v —zx)J+ (22 —xy) k
_ d(x*—yz) N d(v?—zx) N d(z%—xy)
dx dy dz
=2X +2y +27

(div f)at(1,0,-1)=2+0-2=0

Hence the given vector is solenoidal vector.
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Aditya Engineering Colbege(A)

ﬁ% 4) Prove that the vector point function f is solenoidal vector |,
where f =3y*z%T+ z3x%j — 3x%y% k
Sol: Given vector point function is

f=3y*z%T+ z3x% 7 —3x%y* k

+7—+k é) 3ytzT+ 23x% - 3x%y% k

_0(3y*z?) N d(z%x?) N d(—3x2y?)
B dx dy 0z

=0 +0 +0
(div f) =0
Hence the given vector is solenoidal vector.
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Aditya Engineering College(A)
5)If f =(x+3V)T+ (v — 22) J + (x + pz) kis solenoidal vector then find p
Sol: Given vector point function is
fF=(x+3Y)T+(y—22)J+ (x+p2) k

divf=V.f
= (T 4T 5+ K 5) (c430)T+ (v = 22) T+ (x + p2) K
_ 0(x+3y) N d(y—22z) N d(x+pz)
B dx dy 0z
=1+1 +p=2+p )
Given that f is solenoidal then div f =0
2+p =0

S P =-2

9/9/2021 Dr.B.Krishnaveni



6) Find div f, where f=grad (x> + y> + z3 — 3xyz)

Sol: Let® = x3 +y® +z° — 3xyz

- 00  _00 7 00
Grad@—1a+15 P

F 7 Ax3+y3+23-3xyz) _a(x3+y3+23-3xyz) n E Ax3+y3+23-3xy2)

f_ dx + dy 0z

f=1 (3x2 — 3yz)+ J(3y? — 3xz)+ k(322 — 3xy)

divf=V.f

(f£+f;—y+ﬁ %) (3x% =3y2)T+ (3y? —3zx) T+ (3z° = 3xy) k

_ d(3x%-3yz) 4 0(3y%—3zx) 4 0(3z%2-3xy)
B dx dy dz

=3x +3y +3z
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‘|nrﬁgj Aditya Engineering College(A)
7) Find div 7, where 7 = xT + yJ + zk |
Sol: Given vector point function is
r=xt+yj+zk

divf=V.f
_d _ 0 — Jd _ _ —

UOPEICONNIC
0x dy 0z

=1+1+1 =3
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Practice Problem:
Find div f , where f = (x+3y)T+ (y — 22) T+ (x — 22) k
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Curl of a vector

if fis any continuously differentiable vector point function then curl
of a vector f is denoted by curlf or V =< f and is defined as

curlf = VxF:Txaf :]’xaf ,Exﬂ
OX oy oz
—leﬂ
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4 f3|Z then

i j Kk
CurlF — V = F — i ﬁ i

OX oy oz

P, T, 15

Note:
1) If f is constant vectorthen curlf = 0O

2) curl(a +=b) = curla + curlb
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_ND|TTYA.

PROBLEM:
Find curlf for f = 2xz21 — yzj + 3xz3%k

Solution: Given,

—_— —

f = 2xz%1 — yzj + 3xz23%k

i i K
CurlF — V X F — i i 2
OX oy oz
fl f2 f3

9/9/2021 Dr.B.Krishnaveni



B\ gg ‘ N : .
& Aditya Engineering College(A
, _J/\\_@ j ya Eng g ge(A)

=i[0+ y]— j[3z%° —4xz]+ k[0—0]
= yi + j(4xz —3z°)
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?_Nmi)ﬁ%gj\\;
PROBLEM:
Find curlf for f = zi + X + yk

Solution: Given,

f = zi + Xxj + yk
i i Kk
curlf = vt =2 <2 <
OX oy oz
fl f2 f3
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i j Kk
| & o 5,
OX oy oz
Z X Y

=i[1—0]— j[0—1]+k[1— O]
=i+ j+k
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PROBLEM:

Find diveurlf for f = xyzi + zxj + xk

Solution: Given, f = xyzi + zxj + xk
i H Kk

curlf —v=<f =2 <2 <2

OX oy oz
fl f2 f3
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"ADITTYA.

=i[0—x]— J[1—xy]+k[z — xz]

= —Xi + j[xy —1]+ k[z — xz]
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_AD[ITY A
Now

—

diveurlf =V -V x f

— (1 ! Fk —) - (—XI1 + Xy —1l+ Kk[z — Xz
( = Jay az) ( J Xy 1 L D
O O O

— X)) — Xy —1) 4 Z — XZ
ax( ) ay(y ) az( )
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PROBLEM:
Find curlf where f = grad(x® + y® + z% —3xyz)

Solution: Let
= X>+Yy>+2z2°>—3xyz

—

. f =gradg

_799 792 22

OX oy oz

= 3(x% — yz)i +3(y?—2zx)] +k3(z% — xy)
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curlf = curl(gradg) = V < grad ¢

i j K
_3 < o REl
OX oy oz

X —yz Yy —zZX zZ° — XY

=3[i(—X+X)— j(—yY+ V) +k(—z+ 2)]
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PROBLEM:

—_—

Find T -curlf for f =(xX+ vy +Di + j —(x+ y)k

Aditya Engineering College(A)

Solution: Given,

f =(X+VyY+Di + ] —(x+ y)k

i i K
curlf = vt =2 <2 <
OX oy oz
fl f2 f3
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I J Kk
_| o 9
OX oy oz

X+ Yy +1 1 — X —VY

—i[-1—-0]— j[-1—0)]+ k[0 —1]

—_ —

= —i+j—KkK
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—_— —_— —

f.curlf = f -V x f

R

=[(XxX+VyY+Di + ] —(x+yY)k]-[-i +j—k]

X—Yy—1+1+X+Yy =0

9/9/2021 Dr.B.Krishnaveni



Aditya Engineering College(A)

lrrotational vector

If isany continuouslydifferentiable vector point
functionand curlf = 0 then f issaidto be
irrotational
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PROBLEM:

Show that the vector

Aditya Engineering College(A)

f =(x® —vy2)i +(y?2 —zx)j +(z%2 — xy)k
is irrotational

Solution: Given

—_—

f =(x%2 — y2)i +(y2—2zxX)j + (22 — xy)k

J Kk
curlf = v =<7 = -2 ai <
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i j Kk

| o o kel

OX oy oz

2 _ 2 2
VZ \Y/ ZX Z XY

=i[-x+x]— j[-y+ y]+k[-z + Z]
=0

Hence given vector is irrotational.
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EM:

Find the constants a,b,c if the vector

f =(2x+3y+az)i +(bx+2y+32)j +(2x+cy +32)k

is irrotational

Solution: Given

f =(2x+3y+az)i +(bx+2y+32)] +(2x+cy +32)k
is irrotational

i i Kk
curlf = v<f7 =2 <2 <2|_5

OX oy oz

fl f2 f3
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—_—

j k
o o Lzl o
OX oy oz
2X+3y +az bXx+2y+3z 2X+cy + 3z

f
@)

—i[c—3]— j[2—a]+k[b—3]=0i +0j +0k
—(c—-3)=0,—(2—a)=0,(b—3) =0

—c=3,a=-2,b=3
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PRACTICE PROBLEMS:
1.Find curlffor f = xy?i + 2x%yzj — 3yz?k

2. Find curlr where r is position vector
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Scalar Potential;

A vector point function f 1Is said to be Irrotational If
curl £=0.

If £ is irrotational, then there exist a scalar function
O(x,y,z) such that f=grad®. This ‘0’ is called Scalar
potential of f.



A Y
G (Y
_ADITY A

Problem:1

Show that the vector (x* — yz)i + (y* — zx)] + (z% — xy)k is
irrotational and find its Scalar potential.

Sol:
Let f=(x? — y2)i + (y% —zx)] + (2% — xy)k

L Tk

- o o o
curl f = % 3y 22
i o f3
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curl f =

=T [ @ =) — 5 02 = 20|~ T [ @2 —xy) — L2 —y2)|+ k[;20? —20) — 5= (62 = y2)]
=i [-x+x]—j[-y+y]+k[-z+ Z]

=0.
Curl £=0.

So, f Is Irrotational.



Then there exists @ such that f=grad @ .

(x% — yz f+(y2—zx)f+(zz—xy)k—l — + —+l€@
0z

Comparing the components ,we get



010

3
6x_x —yz => (= f(x — VZ) dx———XyZ+f1(y,Z)
00 e (r2 _y3
Pl y4 —zx => 0= [(y?* — zx) dy—;—xyz+fz(x;z)
0 - (o2 _z’
a_z:Z — Xy => @—f(Z _xY) dZ—?—xyZ+f3(x»Y)

3 3 3

_x Yy, Z
— xXvVZ + C
D 3 ' 3 ' 3 Yz

which is the required Scalar Potential.
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2) Find the constants a, b, c if the vector

f =(x+2y+az)i +(bx—3y—2)j +@x+cy+22)k
is irrotational. Also find @ such that f = V()
Sol: Given vector

f =(x+2y+az)i +(bx—3y—2z)] +(@Ax+cy+2z2)k

i j Kk
curlf (or)v < f = ©° 9 91_5

OX oY oz

LEY f, LIE
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] i k
N o R
OX oy 0z
X+2y+az bx—-3y—z 4x+cy+22

i(c+D+j(a-D+k(d-2)=0

=i(c+1D)+j(a—4)+k(b—-2)=0i+0] + 0k

Comparing both sides,
c+1=0, a-4=0, b-2=0
c=—1., a=4. b=2
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CADITYA
| _ENLIGHTENS THE NESCIENCE

Now. A = (x + 2y + az)i + (bx —3y — 2z)] + (4x + cy + 22)k on
substituting the values of a=4 ,b=2 ,c=-1

A=((x+2y+42)i + Rx =3y —2)] + (4x —y + 22)k

Then there exists @ such that A=grad @ .

(x+2y +42)i + Qx =3y —2)] + (4x —y + 22)k
_ 7090 =007 00
_lax ]6}’ 0z




(x+2y+42)i + 2x—=3y—2)] + (4x—y+22)k
— 09  —09 30

:laﬁ-] Eka_z

Comparing on both sides, we have

2
%=x+2y+42 =>Q = x?+2xy+4zx+f1(y,z)
2
g_i= Xx—3y—2=>0 = 2xy =4 vz + f5(2, x)
09

—=4x—y+2z=>Q =4xz—-yz+2z* + f3(x,y)
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Hence(Z)=xz 332] z°+2xy+4zx —yz+c
(Or)®=x2 332/2IZZ+2xy—yz+4zx+c
2



\
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%3) Prove that If 7 Is the position vector of any point in space,
then "7 Is Irrotational

(or) Show that curl(r™#)= 0.
Sol: Leti=xi +yj+zkandr = |7|
rée =x%+y*+z°

Differentiating w.r.t ‘x’ partially, we get

or or X
2r—=2x => —==x
0x 0x r
.. or _ y or _ z
Similarly, 3 and ~ =
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_ 0 0 0
Vx(@"r)= — = =
( ) 0 0 0z
xr™  yr™  zr™

= T2 0™ Y T a2 e X R G() 200}
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5 ) 5 (9)

=nr"2[(zy —yz) i + (xz —zx)j + (xy — yz)k]
=nr*2[0i +0) +0Kk]

= 1 2[0]= 0

Hence ™7 Is irrotational..



J\@nwrg
4) Show that F= (2xy+z3)i +x*j +3xz*k is conservative
force field and find the Scalar potential.

Sol: Let F= (2xy+z3)i +x?] +3xz%k

J
?

S

.

0
curl F = |—
0x

Q

ady Z

fi f2 f3
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9 G, G,

curl F = Py 3y 97
2xy +z3 x? 3xz*

=T |55 GBx2%) — £ ()| =T [52Bx22) — 522y +29)| + |55 (D) — 55 (2xy +29)]
=7 [0—0] =7 [32% —32%] + k[2X — 2X]
=0.

Curl F=0.
So, F is irrotational, hence F Is conservative

9/9/2021 Dr.B.Krishnaveni



A vector F Is conservative If their exists a scalar function @
such that F=V .

Let @(x,y,z) be a scalar function then,

00— 00— 00 7
V) = L+ 3

dx Z

_ 00— 00—+ 00 7
F_axl +6y] +6‘zk



EDC TR R
e

NN
_ADITYA

INT - 27, — 9¥ = oV = ov
(2xy+2z°)i +x“j +3xz k—axz +—7J —i—azk.

dy
Comparing on both sides,
99 _ 3 99_ 2 90_ 3.2
P 2xy +z7° 5y X P 3XZ

_ 99 9@ o0
dP=—= dx + 5y dy +—— dz
dd = 2xy +z3)dx + x* dy + 3xz°% dz
dp = d(xz>) + d(x?y)

Integrating on both sides
O =xz>+x%y+c
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5) Show that the vector field

f=2xyz?l + (x%?z% +zcosyz)] + (2x%yz+y cosyz)k is
irrotational. Find the scalar potential function.
Sol.

Given f = 2xyz°i + (x?z% + zcosyz) ] + (2x*yz +y cosyz)k

L T k

= la o o
curl f = dx 0y 0z
i 2 13
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i j k

_ 9 9 9

curl f— Ix E 37
2xyz¢ x°z°+zcosyz 2x°yz+ycosyz

=1 [2x°z — ysin(yz)(z) + cos yz — 2x*z + z cos yz(y) — cos yZ]
+] [4xyz — 4xyz] + k[2xz% — 2x2°]
=0.
. The function is irrotational.
There exists a scalar potential function @ such that grad @ = f.



EDC TR R
e

FN\B
_ADITYLA

00— 00— 007 _ 27 2,2 e = 2

Pl +8y] +— = 2XyZ“°1 +_(x z“+zcosyz)j + (2x°yz +
y cosyz)k

Comparing the components,

d

a—i =2xyz? =0 =x%yz* + ¢;(y,2)

5 .

£ =x%z° 4+ zcosyz=> 0 =x*z%*y + Z(Slz YD 4 ¢, (x, 7)

3 .

% = 2x2yz+vycosyz = @ = x2yz2 + LE0YD 4 ¢ (x,y)

0z y

~ @ =x%yz* +sinyz + C

9/9/2021 Dr.B.Krishnaveni



6)Show that Curl grad @ = 0; where @ Is a scalar function

Proof:
grad (D— ZS] + Z—Z k.
i ]k
o 9 0
Curl(grad @) = dx dy 0z
00 00 00
dx

ox O0x
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0°p  9%°p\ +,0°0 0°Q. , 7,0°0  0°%0
(ayaz 62631)-] (axaz' azax) ke (6x6y ayax)

[
e~

[
Ol

Note: grad @ Is always irrotational.



——==PRACTICE PROBLEMS:

< Verify the vector (x? — 3yz)i + (y* — 3zx)j + (z% — 3xy)k is
irrotational and also find its Scalar potential.
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Vector operators

Vector differential operator V :

_9 _9d  +0
The operatorV—L—+]a+k£

dx
0 d -0 09 09 _00
Vo=(1 —+7 — + k — — T 4 f—
0= (T--+] 5y * 5,19 lax+]ay+ o
-~ _9d _0 + 0 _ _ -, 0f, 0f, 0
V. f=( go+T 55+ K ) (AT T + R)= 5+ 5+
al 0 0 0 of _  of = a_f
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Laplacian operator V*:
The Laplacian operator is denoted by V4 and is defined as

Vg =V.VQ
2 — (7270 F O g9, 00, ro0
Voo _(Lax_l_} 8y+kaz)'(lax+]ay+kaz)

Note:

If V2@ =0 then @ is said to satisfy Laplacian equation. This @ is called a
harmonic function.
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1) Provethat 74(r™) =n(n+ 1)r" 2
Sol:
Let F=x i + yj+ zk and r = |F]|

ré=x%+y°+z=

Differentiating w.r.t ‘x’ partially, we get

or ar X
2r—=2x => — =-
dx 0x T
.. or _ y or _ z
Similarly, 3y 7 and —~ =7
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Aditya Engineering College(A)

Now
n n _a(r"> _a(rm | ¢ alr™
grad (r"*)=V (r") =t + ] 3y +k .
_ o.n=19T - o n-10T T —1 07
= It o=+ nr ay+knr —

= an—17 % = n—17Y I =174
L nr (T)+}n*r' (r)+knr (T)

grad (r™) =i nxr™ % + nyr™ % + k nzr"—2
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s PE(r™)=V.(VrT) =V, (grad ™)

9 _9 -9 .. _ P P _
(L£+] 5+k£).(tnxr”2+}nyr”2+knzr”2)

__a(nxr"‘z)+_0(nyr"‘2)*_6(nzr"‘2)
B ox ox dx

d(Nxr™"~2)

=2: dx

_ _3 @
S{nr" 2 +nx (n—2)r"3 é
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Aditya Engineering College(A)

Ynr™ 2 +n(n—2)x%r"*}

NP2 e nr 2 n (n = 2) v (x? 4+ y2 4+ z2)
=3nr™ 2 +nn-=2)r""*(r?
=3nr™" % +n(n—2)r"?

= nr"?%(3+n-2)==n(n+ 1)r" 4
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ADITOA : : o 27— . 27— . . T o
2) Find (V X A)D ,if A = yz°T— 3xz°] + 2xyzk and @ = xyz
Sol:
] J k
d d d
( V X A) = Ix 5 P
yz? —3xz° 2xyz
_—f0@xyz) a(-3xz?)) _(9Q@xyz) d(yz?) y 0(-3xz%)  9(yz?)
U 0z S ox 0z dx dy

=1 (2xz+6xz) - J (2yz — 2yz) + E(_322 — Zz)

(V xA) =1(8xz)-J (0)+ k (—4z%)
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Aditya Engineering College(A)
(V xA) =1(8xz)-J (0)+ k (—4z?)
(V x A)@ = [T (8xz) - J (0)+ k (—4z%)] xyz

=T (8x%yz)-J (0)+ k (—4xyz>)
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Aditya Engineering College(A)
3) Find (4. V)@ at (1,-1,1) if A = 3xvz?T + 2xy3] — x%yzk
and @ = 3x% —yz
Sol: Given that
A = 3xyz?T+ 2xy3] — x2yzk

(A.V)O={ (3xyz*T + 2xy>] — x* yzk)(f, ai Eai)}Bx — VZ
_ 2 3— 2.7\ -90Bx*-yz)  _0d(Bx*-yz) i d(3x*-yz)
=(3xyz“T + 2xy°] — x“yzk ).(1 1] 5 +k = )
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(A.V)D = (3xyz?T+ 2xy>3] — x%yzk ). (6XT—zJ-y k)

=18x%yz%- 2xy3z+ x%y*z
(A. V)P at (1, -1, 1)=18(1)(-1)(1)-2(2)(-1)(21) + (2)(1)(2)
=-18+2 +1

= -15
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A If f = (x%+ y? + z%) " then find div(grad f ) and determine n,
if div(gradf) =0
Sol: Given thatf = (x? + y? + z%)™™"

f(r) = ()=
div(grad )=V (V f) = V2f=V? (r~2")

But we know that ( from problem 1)
72(r"™ =n(n+ Dr" 2

Using this we write
72 (r—2"=-2n(=2n + 1)r—2n-2
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divigrad f) =72 (r~2™)=2n 2n — 1)r—2""*
Given that, div(grad f) =0
2n (2n — Dr=?""2=0

~n =0 (or)2n—1=0

Hence n=0 (or) n=%
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5) If @ satisfies Laplacian equation , prove that V@ is both solenoidal
and irrotational.
Sol:
Given that @ satisfies Laplacian equation
~ V2P =0
V.(Vp)=0
div ( grad @)=0
Hence grad O is solenoidal

Also we know that curl (grad @) =0,where @ is any scalar function
Hence grad @ is always irrotational
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Vector identities:

1) Prove that div (C_l X E) = b.curla — a.curlb

Proof:
_ d(axb)

dx

div (ax b) ) T.
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Hence, div (@ x b) = b.curla — a.curlb
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2) Prove that curl (ﬁ X b) = a.divb — b.diva + (b. V)F{ —(a.V)b
d(axb)

dx

Proof: curl(@x b)=YTx

_ da — 0b
_le(ax Xb+ax 6x)

oa db
—le(axxb)+2lx(axax

{Since,a X (bxc)=(a.c)b— (a.b)c}

Z{(l Zz (t%)E} +2{(a%>a— (ta)%}
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=(b.V)a— (V.a)b + (V.b)a— (a.V)b

= (b.V)a — (diva)b + (divh)a — (a.V)b
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= (b.V)a — (diva)b + (divb)a — (a.V)b
= a.divb — b.diva + (b.V)a — (a.V)b

Hence,
curl (a x b) = a.divb — b.diva + (b.V)a — (a.V)b
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3) Prove that (Vf X Vg) is solenoidal

Sol: we know that div (a x b) = b.curla — a.curlb

Consider div (Vf x Vg) =Vg.(curl Vf)-Vf.(curl Vg)
=Vg.|curl(gradf)]-Vf.[curl(grad g)]
=Vg.[0]-Vf.[0]=0

Hence, (Vf X Vg) is solenoidal
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PRATICE PROBLEM

1) Find V2(r3) where r?2 = x% + y? + 72
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