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•Scalars are an abstraction of physical concepts
like mass , which have only magnitude.

•Vectors are an abstraction of physical concepts
like displacement and force, which have
magnitude and direction
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VECTORS & SCALARS
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•A vector which is the displacement from the
origin of coordinates to a point (x,y,z) can be
written as
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POSITION VECTORS
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•The displacement vector from r1 point to r2 point
is r1-r2

• If is any vector then unit vector is given by
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• If then its magnitude is given by

• If and are two

vectors then
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KEY POINTS   

zkyixia ++=


222 zyxa ++=


kajaiaa 321 ++=


kbjbibb 321 ++=

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•The dot product is defined and denoted by

•The cross product is defined and denoted by
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KEY POINTS 
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• If to each point of a region in space there
corresponds a definite scalar is called scalar
point function

Eg: The temperature at any instant
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SCALAR POINT FUNCTION 
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• If to each point of a region in space there
corresponds a definite vector is called vector
point function

Eg: The velocity of a moving fluid at any instant
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VECTOR POINT FUNCTION 
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•The vector differential operator (read as del)

is defined as
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VECTOR DIFFERENTIAL OPERATOR 
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•The gradient of a scalar point function is denoted
by grad f or and is defined by

9/9/2021Dr.B.Krishnaveni

GRADIENT OF SCALAR POINT 

FUNCTION 
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• If f and g are two scalar point functions then,

grad(f+g)=grad f + grad g

• If f is any constant scalar point function then

Grad f=0

• If f and g are two scalar point functions then,

grad(fg) = f grad g + g grad f
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PROPERTIES OF GRADIENT
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• If f is any scalar point functions then, the normal
to the surface f is given by

grad f or

•The unit normal is given by
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NORMAL AND UNIT NORMAL
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1. Find the normal to the surface at
the point (1,1,1)

Sol: Given 

Normal to the surface f is given by

Now,
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PROBLEMS
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2.Find the unit normal to the surface f at
the point (1,1,1) given,

Sol: Given 

Normal to the surface f is given by

Unit normal =
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PROBLEMS
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1.The Angle between the vectors and is

i.e..
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DOT PRODUCT:

• If and are two vectors then the
dot product is defined and denoted by

kajaiaa 321 ++=


kbjbibb 321 ++=


332211. babababa ++=

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5.The angle between the vectors A and B where Ԧ Ԧ Ԧ ത and 
Ԧ Ԧ

Sol:

= 0
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Angle between two surfaces

9/9/2021 Dr.B.Krishnaveni



9/9/2021 Dr.B.Krishnaveni



Problem:1
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Find the angle between the normal to the surfaces 
at the point 

(2,-1,2).

Sol: Given that 

and g=

Normal vectors are 

grad f = ҧ ҧ + ഥ

= ҧ ҧ + ഥ

= ҧ ҧ ഥ

at (2,-1,2) is = ҧ ҧ ഥ

Problem:2
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.
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Find the angle between the normal to the surfaces 
at the 

point (4,-3,2).
Sol: Given that 

Normal vectors are 

grad f = ҧ ҧ + ഥ

= ҧ ҧ + ഥ

= ҧ ҧ ഥ

at (4,-3,2) is = ҧ ҧ ഥ

Problem:3
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g =

grad g = ҧ ҧ + ഥ

= + 

= ҧ ҧ ഥ

at (4,-3,2) is = ҧ ҧ ഥ

.
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= 
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Find the angle between the normal to the surfaces 
at the point 

(1,-2,1).

Reference: Higher Engineering Mathematics, B.S. 
GREWAL , page no: 315 to 326.

Practice Problem:
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Directional derivative
• The directional derivative of a scalar point function  

at a point P(x, y, z) in the direction of a unit 
vector ҧ is equal to 

ҧ = ҧ . 

Note:

Let given surface is 

The given direction vector ത

then the directional derivative is ҧ

where ҧ
ത

ത
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.

1) Find the directional derivative of 

in the direction of vector ҧ ҧ ത
at the point (1,0,1)

Sol: 

Given surface is 

= ҧ ҧ + ഥ )

= ҧ ҧ + ഥ

= + 

= 2x ҧ +2y ҧ+2z ഥ
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.
Given direction vector is ത ҧ ҧ ത

unit normal vector is ҧ
ത

ത

= 

= 

Directional derivative of f along the given direction 
is    ҧ.

= . 2x +2y +2z

= at (1, 0, 1)

= = 
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2) Find the directional derivative of 

in the direction of vector ҧ ҧ ത at 
the point (1,2,0)

Sol: 

Given surface is 

= ҧ ҧ + ഥ )

= ҧ ҧ + ഥ

= ҧ ҧ + ഥ

= (y+z) ҧ+(x + z) ҧ+(y + x) ഥ
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.
Given direction vector is ത ҧ ҧ ത

unit normal vector is ҧ
ത

ത

= 

= 

Directional derivative of f along the given direction 
is    ҧ.

= . (y+z) (x + z) +(y +x ) 

= at (1, 2, 0)

= = 
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3) Find the directional derivative of 

in the direction of vector ҧ ҧ ത at the point (1,-
1,3)

Sol: 

Given surface is 

= ҧ ҧ + ഥ )

= ҧ ҧ + ഥ

= + 

= 2y ҧ +2x ҧ+2z ഥ
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.Given direction vector is ത ҧ ҧ ത

unit normal vector is ҧ
ത

ത

= 

= 

Directional derivative of f along the given direction 
is    ҧ.

= . 2y x +2z 

= at (1, -1, 3)

= = 
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.
4) Find the directional derivative of

in the direction of vector 2 ҧ ҧ
ത at the point (1,-2,-1)

Sol: 

Given surface is 

= ҧ ҧ + ഥ )

= ҧ ҧ + ഥ

= + 

= (2xyz+4 ҧ +( ҧ+( ഥ
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.
Given direction vector is ത 2 ҧ ҧ ത

unit normal vector is ҧ
ത

ത

= 
ҧ ҧ ഥ

= 
ҧ ҧ ഥ

Directional derivative of f along the given direction is    
ҧ.

= 
ҧ ҧ ത

. (2xyz+4 ҧ +( ҧ+( ഥ

= at (1, -2, -1)

= = 
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Practice Problem:

Find the directional derivative of

in the direction of vector 2 ҧ ҧ ത at 
the point (2,1,-1)

Reference: Higher Engineering Mathematics, B.S. 
GREWAL , page no: 315 to 328.
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• If f is any scalar point functions then, the normal
to the surface f is given by

grad f or

•The unit normal is given by
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NORMAL AND UNIT NORMAL
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PROBLEM:
Find the directional derivative of            in the direction of the normal 
to the surface                               at the point (1,1,1)

Solution: Given
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Now let                                    be the surface

Normal to the surface f is given by

Now the unit normal of f is  given by
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• Directional derivative of     along the normal is given by

)(
27

)333(
. kji

kji
grade





++

++
=

27

333 ++
=

27

9
=

3=





PROBLEM:
Find the directional derivative of                        at the point   (1,-2,-1) in 
the direction of the normal to the surface                    at the point        
(-1,2,1)

Solution: Given
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Now let                        be the surface

Normal to the surface f is given by

Now the unit normal of f is  given by
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Directional derivative of     along the normal is given by
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PROBLEM:
Find the directional derivative of                     at the point        (1,1,1) in 
the direction of the normal to the surface                         at the point 
(0,1,1)

Solution: Given
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Now let                         be the surface

Normal to the surface f is given by

Now the unit normal of f is  given by
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• Directional derivative of     along the normal is given by
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PROBLEM:
Find the directional derivative of               in the direction of the 
normal to the surface                       at the point (0,1,1)

Solution: Given
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Now let                               be the surface

Normal to the surface f is given by

Now the unit normal of f is  given by
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• Directional derivative of     along the normal is given by
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Practice Problem:

• Find the directional derivative of                     at the point  (0,1,1) in the 
direction of the normal to the surface                      at the point (2,1,1).

23 yzx +=

2=++ zyx



1) Find the directional derivative of the function 
along the tangent to the curve at the 

point (1,1,1)

Sol:     Let 

Directional Derivative=grad f.ത

grad f=∆f= Ԧ ҧ

= Ԧ ( ) + ҧ ( )

+ ( )



= Ԧ [ ]+ Ԧ[ ]+ [

(grad f)(1,1,1) = 3 +3 Ԧ+3

Let be the position vector of any point on the curve 
then 

= + Ԧ+

= Ԧ

is the vector along with the tangent to the curve



= = at   (1,1,1) 

Unit vector along with the tangent 

=

Directional Derivative along with the tangent

=grad f. ҧ

= 3 +3 +3 . 

= = ..



2) Find the directional derivative of the function f= at 
the point P=(1,2,3) in the direction of the line where 
Q=(5,0,4).

Sol:

Given f=

grad f= ∆f= Ԧ ҧ

= Ԧ ( ) + ҧ ( )+ (

= Ԧ [2x] + ҧ [-2y] + [4z]



The position vectors  of P and Q with  respect to the origin are
ҧ ҧ ത

ҧ ത

= ( ҧ ത)-( ҧ ҧ ത)

=(4 ҧ 2 ҧ ത

then = 

The directional Derivative of ҧ at P(1,2,3) in the direction of 
is



= grad f. ҧ

(2x - 2y + 4z ) . 

= at (1,2,3)

= ..



3) Find the directional derivative of
at the  point P(1,1,1) in the direction of the line 

Sol)

Given     

=

= ( ) + (

)+ (



= ҧ ഥ ത

= 12.5 ҧ ഥ

Let (2,-2,1) be a point on the line then

ത (2 ҧ ҧ ത)

= =

Directional Derivative=grad . ҧ

=(12.5 ) .

= = ..



4) Find the Directional Derivative of at the 
point A(1,-2,1) in the direction AB where B=(2,6,-1)

Sol)

Given 

=

= Ԧ ҧ

= 4 Ԧ ҧ ത



The position vectors of A and B with respect to the origin 
are

= ҧ ҧ ത

= ҧ ҧ ത

= -

=( ҧ ҧ ത)-( ҧ ҧ ത)

= ҧ ҧ ത

ҧ=
ҧ ҧ ത

=
ҧ ҧ ത



Directional Derivation of in the direction  of at (1,-2,1) is

ҧ

=  ( 4 )   .

=    

= …



Practice Problem:

Find the Directional Derivative of 

(x,y,z)= at the point A(1,2,3) in 
the direction of the line AB where B=(5,0,4).



Divergence of a vector
• Let ҧ = ҧ ҧ ത be a vector point function then the divergence 

of a vector is denoted by ҧ and is defined as 

ҧ = ҧ

= ҧ ҧ + ത ) ҧ ҧ ത

= + + 

Note : Divergence of a vector point function is a scalar point function

Aditya Engineering College(A)
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Properties:

• ҧ ҧ ҧ ҧ

• ҧ = k 

• If ത then the vector point function is said to be solenoidal
vector

Aditya Engineering College(A)
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1) Find ҧ at (1, -1, 1) where ҧ ҧ ҧ ത

Sol: Given vector point function is 

ҧ ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) ( ҧ ҧ ത)

= + + 

= + -6yz

( ҧ) at (1, -1, 1) = 1 + 2 +6 = 9

.

Aditya Engineering College(A)
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2) Find ҧ at (1, 2, - 3) where ҧ ҧ ҧ ത

Sol: Given vector point function is 

ҧ ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) ҧ ҧ ത

= + + 

=y + - 6yz

( ҧ) at (1, 2, -3) = 2 + 2(-3) -6(2)(-3) = 2- 6 +36 = 32

Aditya Engineering College(A)
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3) Prove that  the  vector point function ҧ is solenoidal vector at (1, 0, -1) , 

where ҧ ( ҧ ҧ ത

Sol: Given vector point function is 
ҧ ( ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) ( ҧ ҧ ത

= + + 

=2x +2y +2z

( ҧ) at (1, 0, -1) = 2 + 0 -2 = 0

Hence the given vector is solenoidal vector.

9/9/2021 Dr.B.Krishnaveni



.

4) Prove that  the  vector point function ҧ is solenoidal vector  , 

where ҧ 3 ҧ ҧ ത

Sol: Given vector point function is 
ҧ 3 ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) 3 ҧ ҧ ത

= + + 

=0 +0 +0

( ҧ)  = 0

Hence the given vector is solenoidal vector.

Aditya Engineering College(A)
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.
5) If  ҧ (x ҧ ҧ ത is solenoidal vector then find p
Sol: Given vector point function is 

ҧ (x ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) (x ҧ ҧ ത

= + + 

=1 +1 +p=2+p
Given that ҧ is solenoidal then ҧ = 0

2+p = 0
P  = -2

Aditya Engineering College(A)
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6) Find ҧ, where ҧ= grad (

Sol:  Let 

Grad = Ԧ ҧ

ҧ= Ԧ ҧ

ҧ=Ԧ + Ԧ + )

ҧ = ҧ

= ҧ ҧ + ത ) ( ҧ ҧ ത

= + + 

=3x +3y +3z

Aditya Engineering College(A)
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7) Find ҧ , where ҧ ҧ ҧ ത

Sol: Given vector point function is 

ҧ ҧ ҧ ത

ҧ = ҧ

= ҧ ҧ + ത ) ( ҧ ҧ ത)

= + + 

=1+1+1 =3

Aditya Engineering College(A)
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Practice Problem:

Find , where (x

Aditya Engineering College(A)
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Curl of a vector

If     is any continuously differentiable vector point function then curl 
of a vector      is denoted by                   or                   and is defined as

Aditya Engineering College(A)
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i.e., if                                                          then 

Note:

1) If        is constant vector then

2) 

321 fff
zyx

kji

ffcurl











==





kfjfiff


321 ++=

f


0


=fcurl

bcurlacurlbacurl


= )(
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PROBLEM:

Find                  for

Solution: Given,

fcurl


kxzjyzixzf


32 32 +−=

kxzjyzixzf


32 32 +−=

321 fff
zyx

kji

ffcurl











==




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]00[]43[]0[ 3 −+−−+= kxzzjyi


)34( 3zxzjiy −+=


32 32 xzyzxz

zyx

kji

−












=


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PROBLEM:

Find                  for

Solution: Given,

fcurl


kyjxizf


++=

321 fff
zyx

kji

ffcurl











==





kyjxizf


++=
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]01[]10[]01[ −+−−−= kji


kji


++=

yxz
zyx

kji












=


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PROBLEM:

Find                            for

Solution: Given,

fdivcurl


kxjzxixyzf


++=

321 fff
zyx

kji

ffcurl











==





kxjzxixyzf


++=
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][]1[]0[ xzzkxyjxi −+−−−=


xzxxyz
zyx

kji












=



][]1[ xzzkxyjix −+−+−=

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Now

ffdivcurl


=

])[]1[()( xzzkxyjix
z

k
y

j
x

i −+−+−



+




+




=



)()1()( xzz
z

xy
y

x
x

−



+−




+−




=

011 =−++−= xx
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PROBLEM:

Find                        where 

Solution: Let

fcurl


)3( 333 xyzzyxgradf −++=


xyzzyx 3333 −++=

)(3)(3)(3 222 xyzkjzxyiyzx −+−+−=


gradf =


z
k

y
j

x
i




+




+




=

 
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Now

 gradgradcurlfcurl == )(


0


=

xyzzxyyzx

zyx

kji

−−−












=

222

3



)]()()([3 zzkyyjxxi +−++−−+−=

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PROBLEM:

Find                          for

Solution: Given,

fcurlf


 kyxjiyxf


)()1( +−+++=

321 fff
zyx

kji

ffcurl











==





kyxjiyxf


)()1( +−+++=
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]10[)]01[]01[ −+−−−−−= kji


kji


−+−=

yxyx
zyx

kji

−−++











=

11


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Now

fffcurlf


=

][])()1[( kjikyxjiyx


−+−+−+++=

011 =+++−−−= yxyx
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Irrotational vector

If     is any continuously differentiable  vector point 
function and                            then       is said to be 
irrotational

Aditya Engineering College(A)

f


f


0


=fcurl
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PROBLEM:

Show that the vector

is irrotational

Solution: Given

kxyzjzxyiyzxf


)()()( 222 −+−+−=

321 fff
zyx

kji

ffcurl











==





kxyzjzxyiyzxf


)()()( 222 −+−+−=
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Hence given vector is irrotational.

][][][ zzkyyjxxi +−++−−+−=


0


=

xyzzxyyzx

zyx

kji

−−−












=

222


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PROBLEM:

Find the constants a,b,c if the vector 

is irrotational

Solution: Given

is irrotational

kzcyxjzybxiazyxf


)32()32()32( ++++++++=

0

321






=












==

fff
zyx

kji

ffcurl

kzcyxjzybxiazyxf


)32()32()32( ++++++++=
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kjibkajci


000]3[]2[]3[ ++=−+−−−

0)3(,0)2(,0)3( =−=−−=− bac

0

323232





=

++++++













zcyxzybxazyx
zyx

kji

3,2,3 =−== bac
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PRACTICE PROBLEMS:

1.Find                  for

2. Find                  where       is position vector  

fcurl


kyzjyzxixyf


222 32 −+=

r


rcurl

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Scalar Potential:

A vector point function  is said to be irrotational if 
curl ҧ=ത.

If ҧ is irrotational, then there exist a scalar function 
such that ҧ=grad . This ‘ ’ is called Scalar 

potential of ҧ.
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Problem:1
Show that the vector ( ഥ ഥ ത is 
irrotational and find its Scalar potential.

Sol:         

Let ҧ= ( ഥ ഥ ത
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=ഥ ഥ ത

= ത ഥ ത

=ത.

Curl ҧ=ത

So, ҧ is irrotational.
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Then there exists such that ҧ=grad .

( =

Comparing  the components ,we get
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= = 

=

which is the required Scalar Potential.
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.

2) Find the constants a, b, c if the vector  

is irrotational. Also find such that ҧ

Sol: Given vector 

kzcyxjzybxiazyxf


)24()3()2( +++−−+++=

kzcyxjzybxiazyxf


)24()3()2( +++−−+++=

0)(

321






=












=

fff

zyx

kji

forfcurl
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.

0

2432





=

++−−++














zcyxzybxazyx

zyx

kji

ഥ ഥ ത ത

ഥ ഥ ത ഥ+0ഥ ത

Comparing both sides,

c+1=0,     a-4=0,    b-2=0
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.

ҧ ഥ ഥ ത on

substituting the values of a=4 ,b=2 ,c=-1

ҧ ഥ ഥ ത

Then there exists such that ҧ=grad .

ഥ ഥ ത

= ഥ ഥ ത
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ത ഥ ത

= 

Comparing on both sides, we have

z  =>

z => 

=>
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Hence 

(or) 
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3) Prove that if ҧ is the position vector of any point in space, 
then ҧ is irrotational

(or) Show that curl( ҧ)= ത.

Sol:    Let ҧ= ത ҧ ത and ҧ

.

Differentiating w.r.t ‘x’ partially, we get 

=>   

Similarly, and     
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We  have ҧ = ഥ ഥ ത

x ( ) =        

= ഥ ( z)- ( y)}- ഥ ( z)- ( x)}+ത ( )- ( x)}

=σഥ
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= n

= n ത ഥ ത]

= n [ ത+0 ഥ ത

= n [ഥ ]= ത

Hence ҧ is irrotational..
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4) Show that F= ത+ ഥ ത is conservative 
force field and find the Scalar potential.

Sol: Let F= ത+ ഥ ത
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.

=ഥ ഥ ത

= ഥ ഥ ത

=ത.

Curl F=ത

So, F is irrotational, hence F is conservative 
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.
A vector F is conservative if their exists a scalar function 

such that F= .

Let be a scalar function then,

ഥ ഥ ത

F= ഥ ഥ ത
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ഥ+ ഥ ത = ഥ ഥ ത .

Comparing on both sides,

= ;       = ;        =

d =

= 

d

Integrating on both sides
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.
5) Show that the vector field 

ҧ ഥ ഥ ത is 
irrotational. Find the scalar potential function.

Sol:

Given ҧ ഥ ഥ ത
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.

curl =

= ഥ

ഥ ത

=ത

The function is irrotational.

There exists a scalar potential function such that grad ҧ.
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.

ഥ ഥ ത = ഥ ഥ

ത

Comparing the components,
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6)Show that Curl grad where is a scalar function

Proof:

grad .

Curl(grad ) =         
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= - - )

= ത.

Note: grad is always irrotational.
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PRACTICE PROBLEMS:

❖ Verify the vector ( ഥ ഥ ത is 
irrotational and also find its Scalar potential.
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Vector operators
Vector differential operator 

The operator ҧ ҧ ത

ҧ= ҧ ҧ + ത ) ҧ ҧ ത = + + 

= + ) = + 

Aditya Engineering College(A)
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Laplacian operator :

The Laplacian operator is denoted by and is defined as

ҧ ҧ + ത ) ҧ ҧ ത )

Note:

If =0 then is said to satisfy Laplacian equation. This is called a 
harmonic function. 
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1) Prove that 

Sol: 

Let ҧ= ഥ ҧ ത and ҧ

.

Differentiating w.r.t ‘x’ partially, we get 

=>   

Similarly, and     
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Now 

grad ( = ( =

=  ҧ n + ҧ n + ത n

= ҧ n ( )  + ҧ n ( ) + ത n )

grad ( =ത n + ҧ n ത
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.= . ( ) = . (grad )

= ҧ ҧ + ത ).( ҧ n + ҧ n ത )

= + + 

=

=σ }

Aditya Engineering College(A)
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.= σ ( }

= σ }

= + + + (

=3 + (

= 3 + 

= ( 3 + n -2) == 

Aditya Engineering College(A)
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.2) Find ( , if ҧ ҧ ത and 

Sol:

( = 

= - +

= ҧ 2xz+6xz) - ҧ 2yz – 2yz) + ഥ )

( = ҧ xz) - ҧ 0)+ ഥ )

Aditya Engineering College(A)
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( = ҧ xz) - ҧ 0)+ ഥ )

( = [ ҧ xz) - ҧ 0)+ ഥ )] 

= ҧ z) - ҧ 0)+ ഥ )
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3) Find at (1, -1, 1) if ҧ ҧ ത

and 

Sol: Given that

ҧ ҧ ത

={ ( ҧ ҧ ത ). ҧ ҧ + ത )

=( ҧ ҧ ത ). ҧ ҧ + ത )
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= (3x ҧ ҧ ത ).  ҧ ҧ -y ത )

=18 - z +

at (1, -1, 1)=18(1)(-1)(1)-2(1)(-1)(1) + (1)(1)(1)

= - 18 + 2 +1

= -15
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4) If then find div(grad f ) and determine n,

if div(grad f ) = 0

Sol: Given that

= 

div(grad f )= = )

But we know that ( from problem 1) 

Using this we write 

)= -2
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div(grad f ) = )= 2

Given that ,              div(grad f ) = 0

2 = 0

=0

Hence n=0 (or) n=
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5) If satisfies Laplacian equation , prove that is both solenoidal 
and irrotational. 

Sol:

Given that satisfies Laplacian equation 

)=0

div ( grad )=0     

Hence grad is solenoidal

Also we know that curl (grad ) =ത ,where is any scalar function

Hence grad is always irrotational
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Vector identities:
1) Prove that 

Proof:

= 
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ഥ ത ത ഥ

ത ത ത ത

Hence,   ത ത ത ത ത ത
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2) Prove that curl ത ത ത ത ത ത ത ത ത ത

Proof:  ത ത = σ ҧ
ത ത

{ Since , }
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ത ത ത ത ത ത ത ത

ത ത ത ത ത ത ത ത
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ത ത ത ത ത ത ത ത

ത ത ത ത ത ത ത ത

Hence,

curl ത ത ത ത ത ത ത ത ത ത
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3) Prove that is solenoidal

Sol: we know that ത ത ത ത ത ത

Consider ) - .(curl

= - .[curl(

= 0 ]- .[0] = 0

Hence, is solenoidal
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PRATICE PROBLEM

1) Find  ) where 

Aditya Engineering College(A)

9/9/2021 Dr.B.Krishnaveni


